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LOCALIZATION LENGTHS FOR SCHRODINGER OPERATORS 
ON WITH DECAYING RANDOM POTENTIALS 


THOMAS CHEN 


Abstract. We study a class of Schrodinger operators on T? with a random 
potential decaying as \x\~°', 0 < a < ^,in the limit of small disorder strength 
A. For the critical exponent o' = i, we prove that the localization length of 


eigenfunctions is bounded below by 2^ 


while for 0 < it 


< 2 ) the lower 


bound is A ^ for any »; > 0. These estimates ’’interpolate” between the 

lower bound due to recent work of Schlag-Shubin-Wolff for cr = 0, and 

pure a.c. spectrum for it > 4 demonstrated in recent work of Bourgain. 


1. Introduction 

We study the discrete random Schrodinger operator 

(1) H^ = A + AK. 

on where A is the (centered) nearest neighbor Laplacian, with spectrum 

[—4,4], and A is a small parameter (the disorder strength). The random potential 
is given by 14;(x) = Va-(x)u’x, where Va-(x) ^ \x\~’^ and {uJx}xe 2 '^ are Gaussian i.i.d. 
random variables. The restriction to Gaussian randomness has expository advan¬ 
tages, but is not essential for our techniques to apply. Extension of our methods to 
non-Gaussian random potentials can be accessed along the lines demonstrated in 
[2 . The purpose of this paper is to derive lower bounds on the localization lengths 
of eigenfunctions of . 

In the supercritical case a > ^, it was proven by Bourgain in pQ that with large 
probability, H^, (with Bernoulli or Gaussian randomness) has, for small A, pure 
a.c. spectrum in (—4 -1- r, —r) U (r, 4 — r) (r > 0 arbitrary, but fixed); moreover, 
the wave operators were constructed, and asymptotic completeness was established. 
The (generalized) eigenfunctions are therefore delocalized. Gertain other classes of 
lattice Schrodinger operators with decaying random potentials have been proven to 
exhibit a.c. spectrum, scattering, and asymptotic completeness by Bourgain in [ 2 ], 
and by Rodnianski and Schlag in m We also note the contextually related work 
of Denissov in . 

In the case cr = 0, Schlag, Shubin and Wolff have proven lower bounds on the 
localization length of eigenfunctions of the form for any 77 > 0, m For 

cr = 0 and d = 3, lower bounds of the form A“^| logA|“^ were derived in (2]. 

We shall here address the case 0 < cr < | in dimension two. Our main results 
are as follows. 
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For the critical decay exponent cr = i, the problem is marginal in the language of 
renormalization group theory. Accordingly, we obtain a comparison of the logarithm 
of the localization length to powers of A, yielding lower bounds on the localization 

length that are exponential in of the form 2 ^ (77 > 0 arbitrary). 

In the subcritical case 0 < cr < it is suspected that the model exhibits 
a significant component of point spectrum. In the language of renormalization 
group theory, the potential scales like a relevant perturbation, whereby we obtain 
a comparison of the localization length to powers of A. Consequently, our lower 
bounds on the localization lengths are polynomial in A for 0 < cr < of the form 

2 - 7 ? 

A 1 - 2 '^ (?? > 0 arbitrary). 

On the one hand, our strategy employs graph expansion methods due to Erdos 
and Yau 13 El, and further elaborated on by the author 13131 On the other 
hand, we use a smoothing of resolvent multipliers by dyadic restriction, inspired by 
Bourgain’s approach in pp. Our methods can be extended to higher dimensions, 
but we will here only focus on the case d = 2. 

The following works, which determine macroscopic hydrodynamic limits of the 
quantum dynamics in the Anderson model at small disorders (without spatial decay, 
i.e. cr = 0), are closely related to the topics discussed here. In an important early 
work, Spohn proved in m that the kinetic macroscopic scaling and low coupling 
limit is determined by a linear Boltzmann equation, locally in macroscopic time. 
Erdos and Yau proved the corresponding global in macroscopic time result for 
the continuum model in d = 2,3, and Gaussian randomness, [3, which was 
extended by Erdos to the case of a Schrodinger electron interacting with a phonon 
heat bath, [ 7 ]. The author derived the corresponding result for the lattice and 
non-Gaussian randomness, |3, and proved that the mode of convergence can be 
extended to r-th mean, for any r S M+ (the previous works proved convergence in 
expectation), Eng and Erdos proved the corresponding result for the kinetic 
macroscopic and low density limit, (3- Very recently, Erdos, Salmhofer and Yau 
established the breakthrough result that beyond kinetic scaling, the macroscopic 
dynamics is governed by a diffusion equation, [ 3 . 


2. Definition of the model and statement of the main results 
We consider the discrete random Schrodinger operator 

(2) H^ = A + AK, 

on ^^(Z^), with a radially decaying potential function 

(3) Vu:{x) = Vaix)u!a; , 

where {uJx}xgi.'^ are independent, identically distributed Gaussian random variables 
normalized by = 0, = 1, for all x £ Z^. Expectations of higher powers 

of ujx satisfy Wick’s theorem, see |H], and our discussion below. 
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We shall use the convention 


^(/)(fc) = f{k) = Y. e-“/(cc) 

a;GZ2 

(4) ^-\g){x) ^ g{x) = [ dke^^'^^gik) 

Jv 

for the Fourier transform and its inverse, where T := [— 5 , 5 ]- 

We introduce a partition of unity ^3 = 1 on I?, where Pj x(2'^ < |a;| < 

2 '^’''^), j S No, is an approximate characteristic functions for a dyadic shell of scale 
2P We require that \T[PjPji)\, for \j — j’\ < 1, are bump functions on at the 
dual scale 2~^ satisfying \\T{PjPji)\\]^i(j:i) ~ 1. We shall assume that Va is such 
that for any j, j' G No with |j — j'\ < 1, the Fourier transform of PjPj'V^ satisfies 

( 5 ) \HPjPfvl)\ < C2-^^^P{P,P,,)\ ^ )| , 

for a constant C independent of j,j'. Since 

( 6 ) = \\Pyj]L\^.) < ^ 2 -"^- , 

this in particular implies that 

(7) \x\‘^\Va{x)\ <C , 
for 0 < CT < i. 

The centered nearest neighbor lattice Laplacian A dehnes the Fourier multiplier 

(8) P{Af){k) = e^{k)f{k) , 
where 

(9) eA(fc) = 2 cos(27rfci) + 2 cos(27rfc2) 
is the quantum mechanical kinetic energy of the electron. 

For almost every realization of K;, is a selfadjoint operator on 

We shall use the same argument for the determination of the localization length 
of eigenfunctions of 77^ as in |3]. Let L > , and 

(10) Al := [-L,L]2 . 

For I L and x G Al, let 

Si I 

(11) ~ x( {y G Z^l y < Ixi - y,| < - , z = 1 , 2 }) 

denote an approximate characteristic function supported on a cubical shell centered 
at X, of outer and inner side lengths I and (5£, respectively. We shall adopt the choice 
for Rx,s,e from |3], which is a product of differences of Fejer kernels with 

( 12 ) \\Rx,5.e\\i'^{AL) = 1 • 

It is not necessary here to specify Rx, 5 ,e in more detail, as its explicit form only 
enters a result that can be straightforwardly adapted from in] (Eq. (|2HIl)- 
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Given a fixed realization of the random potential for which is selfadjoint on 
let denote the restriction of to A^. Moreover, let {'0a^^}ae2tL 

denote an orthonormal -ffi/^^^-eigenbasis in 

(13) (x e A^) , 
satisfying Dirichlet boundary conditions 

(14) "ipi^Kx) = 0 {x € OAl := Al +1 \ Al) ■ 

The number of eigenfuntions is given by 

(15) |21l| = |Al| . 

Let, for T > 0 arbitrary but fixed, and independent of A and cr, 

(16) Ir := (—4 + T, —r) U (r, 4 - r) . 

Let 

(17) 2lL(/r):={ae2tL|ei^)e/J, 
and similarly as in [H|, let for e small 

:= {a £21^(701 

( 18 ) < e} • 

xGAl 

As pointed out in |S], the key observation is that {'4’^'^}s e-i ) contains the 
class of localized eigenstates with energies in that are concentrated in balls of 
radius O(j^), with S independent of i. 

Our main result is the following theorem. 


Theorem 2.1. Ford > 0 sufficiently small, 0 < X 6, any fixed t with X t < S, 
and any arbitrary r] > 0, 


(19) 


lim inf E 

L—*oo 


\%L\^L{5-^,d,l.{X)-Ir)\ 

\^l\ 


>1-5^ . 


The lower bound on the localization length £a-{X) satisfies the following estimates: 


• In the subcritical case 0 < a < 1, there exist positive constants Ao(ct, ry) <C 1 
and Ca for every fixed 0 < a < X such that 

(20) 4(A) > aA-T^ 
for all X < Ao (cr, rj). 

• In the critical case cr = 1, there exists a positive constant Xo{r]) 1 such 
that 

(21) 4^r(A)>2^'"^'' 
for all X < Xo{r]). 


We add the following remarks. 
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• (cnj trivially implies 


( 22 ) 


lim inf 
. L—*oo 


|aL\aL(5K,(5,4(A);J.)| 

| 2 tL| 


> 1 - i510 


> 1 - (5 10 


• Spectral restriction to the interval Ir suppresses infrared singularities, and 
enables one to apply certain smoothing procedures to , CP- 

• Only a slight modification of the bounds used in our analysis of the subcrit- 
ical case along the lines of 0 is necessary to yield the lower bound 

for CT = 0. Inclusion of a classification of graphs argument as in [HI El would 
improve the lower bound to A“^| log A|“^. We shall not further discuss these 
matters here, since the argument is the same as the one presented in |3] for 
the 3-D problem. 


3. Proof of Throrfm 12.11 


Our starting point is the following key lemma. It is an extension of a joint result 
with L. Erdos and H.-T. Yau in |3]. 


Lemma 3.1. Let £,6 > 0 fee small and A <C 1. Assume that there exists t* {6, £) > 0, 
such that 


(23) 

Then, 


E 


r 1 

W\ 


E 11 R-AIXi. ^ )e-*‘* ' 5: 

xeA^ 


||2 

We^iAL) 


> 1 — e — E 


M^l -c- 
| 21 l| J L ■ 


(24) 


lim inf E 

L—*oo 


ISIlI 


> 1 - 4e 2 . 


Proof. The proof follows closely a line of arguments presented in |3] , but comprises 
key modifications due to the restriction of the energy range to Ir ■ 

We expand Sx in the eigenbasis 

OL 

a“ = (4 , , 

so that in particular, 


(25) ||5, 


P{Al 


Applying the Schwarz inequality. 


= E 


a“P = l. 


(26) Rx,s,eXiriHi^^'>) 




IHAl) 


<(l-be 2 )(A)-k ( 1 -f e2)(5) ^ 
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where 


(A) := 


(27) 


< 


< 


(£,(5,^;/,-) 

^—ite^^ ^a. 


2 

^ 2 (Al) 




aea(7’(£,5.^;/T) 
aea)^^ (e^S,^;!^) 


e^AL) 

e^AL) ’ 


using the a priori bound 


(^) < 


(28) 


E i«“i'< A 

ckGSI^^ (£,(5,^;/,-) 


^2{Al) 


which follows from ||i?a;, 5 ,£||oo = 1, orthonormality of and ( I25II . 

Moreover, 


(29) 


(B) := 


(Al) 


< 


2 

f=(Ai,) 


RxA^e E 

aeai,(/^)\a("’(£,<5,£;/^) 
aeai(z^)\a("’(£,5,t;/x) 

E 

aGai,(I^)\a(“>(£,5,Z;/^) 


IHAl) 


Summing over a; £ A^, 


(30) E ||-Rx.5.ze 

xGAl 


-itH, 


(^l) - ||2 


'5-IIz^(a,) ^ (l + e^)|2lL(/r)\4“^(£,<5,£;/.)| 

+ e(l + £ 2 ) |2t^ )(£^ ^ 


using the definition of 2l^^(e, 5, ^;/,-). 


6 






















Let := R \ /t-. We thus get 




|21l| 


> 


+ 


| 21 l| 

ndm 

I^lI 

, 1 
1 — £2 

~Wa 


|21l| 




xGAl 


\1^{Al) 


(31) 


- (l + e-5)e-C-. 

1j 


Taking expectations and using (E3, 


(32) E 


| 21 l| 


> 1 - e2E 


\^Lm)\ 


I^lI 


- 3e5 - C- . 

Jj 


Since < 1, this implies the claim. 


□ 


Our strategy therefore is to find large values for i and t* (5, £) such that (is 
satisfied. 

The following lemma controls the free Schrodinger evolution. 

Lemma 3.2. Let for A small and 0 < <5 < 1 
(33) :=Sh . 

Then, the free evolution satisfies 


(34) 


1 

W\ 


xGAl 


\\2 

WeHAi) 


> 1 — (5 10 


\^i^_ £_ 

\^l\ l ■ 


Proof. We note that 


(35) 

where 


(36) 


xGAl 

> (I) - {II) 




xGAl 


{II) := E 

xGAl 


le^(AL) ■ 


This follows from xR^X = X?' ~ XR^X = 1 ~ X^ ~ xR^X > ^ — X^ = R^ ~ X^ y 

where R = Rx,s,i>,,(\)y X = XiJlI^^''^)y and A := 1 - A (so that = x%{Ili^'^^))■ 
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Replacing || ■ ||£ 2 (a^) by || 
or smaller. Since |21 a| ~ L?, 


2 ) in (J) costs a boundary term of size 0{£L) 


(37) 

We then find 

(38) 


|21l| 


|21l| 




xGAl 


l) 




xGAl 


+ o(j). 




from a related argument in [^, adapted to the present case. 
On the other hand, 


{II) < Y. 

xGAl 


= Tr 




P(Al) 
—it* (<5, A) A 


XI' 




= Tr 

(39) = \^L{n)\ ■ 

Recalling that |Al| = |21l|, this completes the proof. 


□ 


Our result is implied by the following key lemma. It controls the interaction of 
the electron with the impurity potential over a time t* comparable to the lower 
bound on the localization length ^(A). 

Lemma 3.3. Let for 0 < <5 < 1 

(40) = sh^x). 

Then, for any arbitrary, but fixed t > 0, 


lim sup E 

L^oo 


Y \\xiAllL^‘^'‘){e 6,r - e 




xGAl 


^-itx „ xAx M|2 

\i'^(Al) 


(41) < Cr5 + A" . 

The definition of £a{X) is given in Theoreni, \2. 1\ 

To establish Lemma roi it suffices to prove the following estimate. 
Lemma 3.4. Under the assumptions of Lemmo Ad.til 


(42) sup E[||x/^(i7;^)(e - g 

,#.£^ 2 ( 22 ) 

II0II,2(a^)=i 


] < Cr5 + A" . 


The rest of this paper is devoted to the proof of Lemma E31 










4. Resolvent expansion 


Let henceforth t = ^ We write 


(43) ( f)t = xi ^{ H^)e 

with (f)o G in resolvent representation 


(44) ( j)t = 
where we will use the choice 

(45) 


„st 


2TTi 


dae 


. XiAHu.) 

Hui — a — ie 


4>o 


1 

e = - 
t 


in all that follows. Due to the spectral restriction of to the disjoint union of 
intervals It, the a-integration contour can be deformed into 


( 46 ) 




dae 


c_uc+ 


Hui — a — ie 


where the loops 


(47) 


C- := [-4 + T/2,-T/2]U(-4 + T/2-2t£[0,l])U 

([-4 + r/2, - t / 2 ] - 2ie) U (- t /2 - 2t£[0, 1 ]) 
C+ := [r/2,4-T/2]U(4-T/2-2i£[0,1])U 

([r/2,4 - r/2] - 2ie) U (r/2 - 2ie[Q, 1]) 


are taken in the clockwise direction. C- and (7+ each enclose one of the components 
of It — ie. 

Let := denote the four vertical, and := the four 

horizontal segments in C- and (7+. Each segment carries an orientation accounting 
for the direction in which the contour integration is taken. 


Then, 


^et 


' 27ri 


fc. 


{v) 


dae 


(48) 


-it^ XiAH^) ^ 1|^(D 

Huj — a — i£ 4 


= £T 


sup jZ — Z 
^ -£ 


as dist((7j’'\ Ji- — ie) = r/2, and |(7j“^| = 2£. 

Henceforth, we shall omit the subscript ”w” in the random potential Vu, = V. 
Defining 


(49) 

we have 

(50) 




2711 


/ dae-*‘“-- - --( 

lew — OL — ie 


||</>i||£2(22) < 2^^-^ + 2||x/x(-f^w)'/>t^^ ll^2(Z2) 



Next, we expand into 
(51) ^ ^ <^n,t + RN,t , 


N 


where the n-th term is given by 


n—0 


oSt 


(52) 

with 

(53) 


t'n,t ■= TT-- I due * “ 0 „,£(a) , 
Zm jQ{h) 


.,,(a) := (-A)" ^ (V ^ . ) 

— a — ie\ A — a — leJ 


In frequency space 
(54) 
where 

^(0jv,e(a))(fco) = (-A) 


1 


H^n,t){ko) = —e"* / dae-**“^(0^.,(a))(fco) 

Ztti Jew 


[ dki---dkn - 7r-V~ -- 

I (j3'jn. ^Ayko) — a — IS 


(55) 


n 

[n 


1 


^A{kj) — a — is 


V{kj - kj-i) $oikn) , 


and T = [—^, 5 ]. We will refer to the Fourier multiplier eA(fc)-a-i£ 


propagator. 

The remainder term is given by 

1 f 


1 


(56) RN,t = -Ae"‘;^ / dae-*‘“- 

ZTTZ JQ(h) Ziu — Q — Z£ 


— V(j)N,e{a) . 


The depth of the expansion N remains to be optimized. 

We remark that due to the truncation of the integration contour, and RN,t 
cannot be written as time integrals of the form 




n it 

^n.t ^ (-^A)” / (5(t-Vs,)e-«“^ye-*^^ 

j=0 

(57) i?Ar,i ^ -iX [ dse-d^-^^^'^V<i)N,s 
Jo 

as in the Duhamel expansions used in [313 00. While for ^, this is not essential 
in the present work (because we admit a polynomial error 0 (A''), 77 > 0 , in our 
bounds), our methods require an expression of the above form for RN,t (because 
we will apply the time partitioning trick used in 0 and 0). 

To this end, we claim that 


RN.t = R^-Z + di^N^ 


(58) 
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1 


with 

(59) 


R 


(60) 


R 


( 0 ) 

N,t 

( 1 ) 

N,t 


:= e 






/C(M 


Hu: — a — ie 
V4>n,s ■ 


V4>N,eia) 


:= -iX / 

Jo 

To see this, we note that (Enj implies 

(61) dtRN,t = -iHu:RN,t - iXV(j)N,t , 

which is solved by the variation of constants formula (EHIi- 

We note that Xi-r{Hu:)R^^t would vanish if were replaced by a connected 
a-integration contour Cconn that encloses Ir — ie. This is because Cconn can be 
deformed into a contour arbitrarily far away from the spectrum of xi^ {Hu:)Huj — ie, 
as there is no obstructing phase factor 

Furthermore, due to the truncation of the integration contour to , it is also 
necessary to control 

1 2 


(62) 

where 


< dp 


jc\c^H, eA{p)-a-ie 


C := [—4 — e, 4 + e] U (4 + e — 2ie[0,1]) U 

(63) ([-4 - £, 4 + £] - 2ie) U (-4 - £ - 2i£[0,1]) . 

We write C \ = C_ U Co U C+, where C±-.= {z&C\ \ ± sR( 2 ) > 2}. C_ 

and C+ are connected arcs, while Cq consists of two disjoint, parallel lines, all of 
length 0 (t). We claim that 

[ dae~^*°‘ __ 

/c_uCoUC’+ eA{p)-a-ie 


< C x(|eA(p) + 4| < 2r) + x(|eA(p) + 4| < 2r) 


(64) 

For fixed p, the size of 

(65) 

can be estimated as follows. 


+x(|eA(p)| < 4 t) + - 
r J 


f dae-*‘“—- 

c_ eA{p)-a-ie 


If |eA(p) — 4| < 2t, we deform C- into a loop that encloses eA{p) — ie, and 
a disjoint arc of length 0{e) connecting the endpoints of C-. The resolvent at 
eA{p) — ie, due to the loop, yields a factor The integral over the arc 

is bounded by its length 0{e), multiplied with the bound ^ on the resolvent. Both 
contributions are 0 ( 1 ). 

If |eA(p)+4| > 2t, we deform C- into a line of length 2£ connecting its endpoints, 
which has a distance > r from eA(p). The modulus of the resolvent is therefore 
< 0 (y), and integrating, we get an error bound of order 0{^). 
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The cases Cq and C+ are similar. 
Thus, 


(EH) < C mes{|eA(p) + 4| < 2r} + mes{|eA(p)| < 4r} 


+mes{|eA(p) - 4[ < 2t} + - 

T 


( 66 ) < Ct^ , 

as e will be chosen ^ r in the end. 
The Schwarz inequality thus yields 


E 




(h) -itA 


N 


< Ct^ +2E 




■2E 


\xi-riHui)RN,t\ 


■2E 


\xiT{Rui)RN,t\ 


N 

(67) = Ct^ +2 ^ E {(j)n',tAn, 

n,n' — l 

Clearly, if n + n' ^ 2N, E[(0„/_t, (t>n,t)] = 0. 

We partition V into dyadic shells, 

J+i 

( 68 ) V = 

t=o 

where 

(69) Vjix) = Pj{x)v„{x)uix 

for 0 < j < J. The cutoff functions Pj are defined at the beginning of sectional 
For j > J, we rename Pj —> Pj , and define 


(70) 


pj+i ■■= E 


j=J+i 


Hence, the functions Vj are supported on dyadic annuli of radii and thicknesses 
^ 2^ centered at the origin, j = 1,..., J, while Vj+i is the part of V supported in 
regions with a distance larger than 2"^+^ from the origin. 


Let 

(71) 

Then, we have 


(72) 


i?z := 


A- 


E 




r 

- / _ 

Jn(^) xr7(M 


® (00 ; Ro'-\-ie^ji^0—is^j2^0—i 


' ^71'^(3—ie-^a+ie 
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- + 2 


* ^'2n-^CK+ie^o) 




















for 1 < n, n' < iV, and n := G N. C^^'> denotes the complex conjugate of 
and is taken in the counterclockwise direction by the variable [3. 


For 1 < n, n' < iV, and n := G N, let 
(73) p = {pQ,...,Pn,Pn+l,---,P2n+l) 

and 

(a, 1) 0 < j < n 


(74) 


{aj ,aj) — 


i {(3,-1) n<j<2n+l. 
Then, in frequency space representation, 




■1+} ^2et^2n 


y , _ 

^ ( 27’‘)2 JcWxCW 


dadjSe 




/(T3)2 


dpS{pn -p„+l)J^((/>o)(po)-7^(</'o)(P2n+l) 


2n+l 

n 

1=0 


1 


eA(Pi) -ai- aie 


(75) 


E 


2n+l 






(noting that T(y){k) = 3F{V){—k)). 


5. Graph expansion 

We systematize the evaluation of the expectation value of products of random 
potentials by use of (Feynman) graphs, which we represent as follows. 

We consider two parallel, horizontal solid lines, which we refer to as particle 
lines, joined at a distinguished vertex which accounts for the L^-inner product 
(henceforth referred to as the ”L^-vertex”). 

The particle line to the left of the vertex shall contain n, and the one its 
right shall contain n' vertices, accounting for copies of the random potential V 
(henceforth referred to as ’’F-vertices”). 

The n + 1 edges on the left of the L^-vertex correspond to the propagators in 
ipn,t, while the n' + 1 edges on the right correspond to those in We shall refer 
to those edges as propagator lines. 

The expectation produces a sum over the products of h = G N contractions 
between all possible pairs of random potentials. We insert an edge referred to as a 
contraction line between every pair of mutually contracted random potentials. We 
then identify the contraction type with the corresponding graph. 

We let \3n,n' denote the set of all graphs comprising n + n' F-vertices, one L?- 
vertex, two particle lines, h contraction lines, and 2h + 2 propagator lines as defined 
above. 


13 













An example is given in Figure 1. 


5.1. Dyadic Wick expansion. We shall next discuss the expectation of products 
of dyadically resolved random potentials in detail. 

It is evident that 


(76) 


and 


(77) 

nVj+i{x)Vj+i{x')] < C2 


The expectation of products Hi satisfies Wick’s theorem, and the same is true 
for the expectation of products Hi This can be formulated as follows. 

There are n pairing contraction lines joining pairs of V^-vertices in tt. We enu¬ 
merate the contraction lines in an arbitrary, but fixed order by {1 ,..., h}. 

We write i i' to express that the f-th and the z'-th Wvertex are connected 
by the m-th contraction line. 


Given 


J ■— (jl) • • • J J2n) 

(78) X := (xo,... ,a;2ft+i) 
let 

n 

(79) ^nipx) := 

m—1 

Then, in position space, 


i' 


(80) 


2n 


2n 

5^(.hx)Wv„{Xi) . 

-TT^n^ n' i=l 


On the other hand, we arrive at the frequency space picture as follows. 


Let 


(81) p := (po,---,P«,P«+i,...,P 2 fl+i) . 

If z contraction of P{Pj^V){pi+l — Pi) with P{Pj^iV){pir+i — pe) yields 


(82) 

We define 


E 


HPny){p i+l -Pi)P{P,,V){p. '-I-1 - Pi') 


= %-hd<i-^(T’ji7j,,v^)(5(pi+i -p^ +p^'+l -Pz') . 


(83) 


^7,{i,P;,Vcr) ■■ = 
n 

n [%-Ji'l<i-^(^jiT’j.,z;^)5(p,+i -p^+pe+i 
m—1 
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Then, 


(84) 


2n+l 

i=l 
i^n + 1 


^ 6^{i,jy,Va) ■ 


We emphasize that the products (123 and ( I83II vanish unless the scales of the 
contracted dyadic potentials pairwise coincide (up to overlap errors). That is, 
\ji — ji' \ < 1 (where \ ji — jV| = 1 accounts for overlap errors) for every pair i i'. 


Expanding the expectation of the product of random potentials, 
(85) E[{(j)n\t,(t>n,t)] = ^ Amp(7r) 


7rGn„ 


where 


Amp(7r) = ^ 

il,---J2n=l 

/ 


^2ety2n 


(2^)2 


dad/3e 




dpSipn - Pn+l)STrij-,P;Va) 


•^(<(>o)(Po)-i^(<('o)(P2n+l) 


( 86 ) 


2n+l 

n 


eA{pi) - oil - (Tie ' 
Here, S{pn — Pn+i) corresponds to the L^-vertex. 


1=0 

-2 


6. Bounds on pairing graphs 


We shall use an analogy of the frequency space estimates on the resol¬ 

vents adapted to a spanning tree of tt from EllSI 

Lemma 6.1. Assume that a G Then, for the assumptions (\^ on Pj, 

1 


oa — oi — le 


* \^{P3P3'^. 


(87) 


< 


L“(T2) 

if j < J 


where the constant Cr only depends on r. Furthermore, 


1 


( 88 ) 

CA — oi — le 
forO <j,f < J+1. 


* \P{P,Ppvl)\ 


< Clog - . 

Li(T2) £ 


Proof. We recall that by (EJ, 

(89) \P{P,Ppvl){p)\ < C2-^^^\P{P,P,,)ip)\^C2-^^^\PiPf){p)\ 
for \j — /I < 1, and any j. It thus suffices to discuss the diagonal term j = /. 
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For a € it is shown in PP that given our assumptions on Pj, convolution 

with \P{P‘j)\ acts like a smoothing operator on , on the scale dual to 2^, 

to the effect that 


(90) 


1 

BA — ct — ie 


*\hp!)\ < 


Cr 

jcA — oj + £ + 2 ~^ 


The L°°-bounds (|H3 for 0 < j < J then follow immediately. For j = J + 1, 


CX> 


Ca — 


*\p{p]+,)\ < 


Ca — Ct — 


L°^(T2) 




IL1(T2) 


i=J+l 
2^ 


(91) 


< C£-1 E 2-2-||.F(i^2;||ii(T2) 

Z—J+1 


as ||J^(Pf)||ii(T2) 1 {Pi is defined in 11701)'). 

The L^-bound ( 1881) has been proven in |0]. 


□ 


Lemma 6.2. For 1 < n,n' < N, t > 0 and tt S Iln,n', there exists a finite constant 
Cr depending only on t such that defining 


(92) A^^rj,x,e ■= Cr{K,{J)\^ log ^ a-^2 -^'^^log i) 

e £ 

and 


(93) 


K,{J) ■■= 


J \ 

2(1 — 20-) J+l 
2(l-2cr) 


if (7= 1 
if 0 < cr < 5 , 


one gets 

(94) |Amp(7r)| < (log i)^(A<^,r.j,A.e)” • 

£ 


Proof. We choose a spanning tree T on tt that contains all contraction lines between 
the pairs of random potentials, and h out of all particle lines. In addition, T shall 
include those particle lines labeled by the momentap„,p2ra+ij but not those labeled 
by po,Pn+i. We then call T admissible. Momenta (resolvents) supported on T are 
referred to as tree momenta (resolvents), and momenta (resolvents) supported on 
its complement are called loop momenta (resolvents). We shall then group 
together every tree resolvent with one adjacent contraction line carrying a factor 
PiPjiPjii'^'a)^ \3i ~ ji' \ 1; Slid estimate the corresponding convolution integral of 

the form f irm below. All loop resolvents supported on are estimated in L^(T^). 
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We recall that 


Amp(7r) = ^ 

jo )■■■ J2n + 1—0 

/ 

J(j3yn + 2 


■Z+l ^2et^2n 


(27r)2 


dadl3e 




dpS{pn - p„+i)d^{j;p;va) 


•^(0o)(Po)-A(0o)(P2n+l) 


(95) 

for j = (jl,...,j2n)- 


2n+l 

n 

1=0 


eAiPi) - ai - iaie 


We integrate out the variable Pn+h and apply the coordinate transformation 
Pj 1-^ pj +Pn, for all j = 0,..., n— 1, n + 2,..., 2h +1. It is easy to see that thereby, 
-Ucr) becomes independent of andp„+i. We obtain 


Amp(7r) = ^ 


g2eiy2fi 




dadfie 


—it{oL — (3) 


/('J’3)2n 

/ dp. 

/T2 


dj/ S'^{i;j/;vcr) 
1 


eA(Pn) - a - ze eA^Pn) - /d + ie 


•^(<('o)(PO +Pn)-i^(</'o)(P2n+l +Pn) 


2n+l 


(96) 

where 

(97) 
and 

(98) 

Clearly, 


n 


^ eA^Pi + Pn) - ai- icris 


Z^n ,n + l 


P ■— {PO-! ■ • ■ ■! Pn—h Pn^2j • ■ • 5P2n+l) 
SUj^p'^Va) ■■= dn{j;p;Vcr)\ 


Pn + l,Pn^0 


|Amp(7r)| < 


Z±1 g2ety2n , 


jo )••• J2n + 1—0 

/ dp. 


(2^)2 


sup / _|c?a| \df3\ 

3,(3'GT2 xcf**) 


1 


1 


/T2 


|eA(Pn) - a - ze| |eA(pn) - P + ie\ 


sup sup sup 

aecw /3e^P„eT2 '-J(t3)2 


d^iMiPo + q)d^{M{P 2 n+l + q) 
_ d£'d(r(j;p';r’<T) 

2n+l 


(99) 


n 

1 = 0 


1 


|eA(p; +Pn) - ai - (Tie\\ 
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Thus, dividing the resolvents into tree and loop terms and defining 

n 

(100) S^if) ■= n 


m—1 


(see also (IH3), one gets 


|Amp( 7 r)| < 


■l±l ^2et^2n 


io,---J2fl + 1=0 


(27r)2 




sup / dpn\(l)o{Pn + q)\\(l>o{Pn + q')\ 

'-<j,g'eT 2 

sup / \da\ - -—^ -— 

lp„eT 2 JC<'*) \eA(Pn) — ct — te\ 

1 


sup sup sup 

Q,gC'('‘) f3£CW) 


C(h) |eA(pn) - l3 + ie\- 

{[n" ' 


I CA — Qfi i 


Li(T 2 )J 


( 101 ) 


[n| 


1 


eA — Oi i ie 




L“(T 2 )J 


where i i' implies that the vertices indexed by i and i' are linked by a contraction 
line. Ht Ot” denote the products over all resolvents supported on T and T“, 
respectively. Assuming (IH3), we can bound the off-diagonal terms \ji — ji' | = 1 by 
the diagonal terms ji = jji, and due to Lemma l 6 . II we have 


( 102 ) 


sup / dp 


1 

sa(p) — a — is 


HPfvl)ip-q)\ 


ga{p) — cy — is 


l-lo-2<7j 


PiPj+lVa)iP-q)\<^ O’ 2 


if 0 < j < J, and 
(103) sup / dp 
if J = J -I- 1. Hence, 

1 1 

|Amp( 7 r)| < (C'log-) 2 ||(/)o||i 2 (T 2 ) Y <^^(j)(C'log 


£ 

2n 


io....,l2ra + l=0 


(104) 

where we have used 

(105) 


J|(2(i-2-b.^(^'< j)+^-ie-i2 




1/2 


i=l 


sup / \dc 


1 1 

—--— < Clog - . 

psT^ |eA(p)—a —*e| s 


The power 1 on the last line in I ITM arises because the product extends over all 
random potentials, while T accounts only for the contraction lines (each adjacing to 
two random potentials). We note also that i5,r(j) forces elements of j to be pairwise 
equal, up to overlap terms. 
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Therefore, 


(106) |Amp(7r)| < (Clog ^ , 

^ i=o 

where |r| and |T'^| denote the numbers of resolvents supported on T and T°, re¬ 
spectively. From 


(107) 


j=o 


- 2 £T)j _ 


J 1 

2(1 — 2 cr)(J+l) 
2(i-2o-)_i 


if cr = i 
if 0 < cr < i 


and |T| = jT'^l = n, the assertion of the lemma follows. 


□ 


7. Estimating the remainder term 


The remainder term of the resolvent expansion is given by 


(108) 


7?A,t = — Ae® -—: 


dae 


V(j)N,e{a) , 


2711 Jew Hui — a — ie 

as we recall from (Enj. The trivial bound 

nWRNAliz^)] < cxA-^E[\\vj,NA%izA 


(109) < N\XA-Al0ghAAa,r,J,X,eA 

£ 

is insufficient in the subcritical case 0 < cr < 1. We shall instead apply the time 
partitioning trick used in |S] and |2| . In the critical case cr = ^, the time partitioning 
trick is not effective, but the trivial bound (cnnii suffices. 


7.1. The subcritical case 0 < cr < 1. We have 


(110) 


7?A.t — + Rn^ 

with 



(111) 

p(0) _ 

f da-^ — -V4>^AA 

4777 Jew tlul — a — l£ 

(112) 


-iX [ dse-^^*-^^^-V(l)N,s , 

Jo 

as was 

shown in ( I58II . 


Lemma 7.1. 

(113) . 
where Aa,T,j,x,e is defined in fUM). 

Proof. We can deform the contour C*-^^ of the a-integration in (cni) into 

C^'*) := (-4-Pr/2-h7[0,l])U([-4-hT/2,-r/2]-hi)U(-T/2-hf[0,l])U 

(114) (r/2 + i[0,1]) U ([4 - r/2, r/2] - i) U (4 - r/2 + 7[0,1]) , 
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as there is no obstructing phase factor e One then immediately sees that 
(115) ^ , 


since almost surely, 


(116) 


XiAHu>) 


Ha, — a — ie 


< CT 


op 


for any a G We note that by the effect of the infrared regularization, use 

of unitarity of in estimating ( [mil is not penalized by the usual factor P = 


Using unitarity in bounding the corresponding quantity for R^^\, however, costs 
a factor and we shall use the time partitioning trick of [S| to account for it. 

Lemma 7.2. For 1 k , and 0 < a < ^, 


nWR^ZWk^^)] ^ (3^iV)^(log-)2 ^ 


4N-1 


(117) +(«)! ^,^,il,.)„ (l°g 


4N 


Proof. The asserted estimate is obtained from application of the time partitioning 
trick introduced in 1^. The details for the lattice model are presented in [3, and 
we shall here only sketch the strategy. 

We choose k S N with 1 k <C £“^, and partition [0, t] into k subintervals 
(118) [ou] = [o,0 i]u;-i(0 „0,+i] 

with 0j = ^, j = 1,..., K. Thereby, 


(119) f dse-^^^‘^V4>N,s ■ 

1=0 

Let 

„ n—N 

(l>n,Nfi{s) = (-iA)”“^ / dso ■ ■ ■ dSn-NSi^ Sj - {s - 0)) 

( 120 ) ■ 

That is, the first N out of n collisions happen in the time interval [0, 0], while the 
remaining n — N collisions occur in the time interval (d, s]. 

Expanding in ([113 into a Duhamel series with 31V terms and remainder, 

we find 


n(l) _ p’ 

Rn.i — R 


(<4N) 

N,t 


pH 


(4N) 

N,t 


( 121 ) 
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where 


( 122 ) 


iN-l 

i<iN) _ T 

■N,t ~ 2-^ (Pn,N,t , 


^,N,t 


:= -i \^ {e,) 


(123) 
and 

(124) = ■ 

1=1 

By the Schwarz inequality, 


1=1 

r^i 

'Sj-i 


(<4JV) 


2) < (31Vk) sup \\>^V(j)n,N,0j.i{Sj)\\p{I-^) 

N <n<4N,l<j<K 


(125) 
and 

(126) ||-Rw^^||z! 2 (z 2 ) < < sup sup ||AF(()4jv.Jv,e,_i(s 

The functions <pn,N,ej-i{0j) and ^f' 4 Ar,Ar, 6 »j_i(s) have the following properties. 

The expected value of is bounded by the first term after the inequality 

sign in f lTTTI) . This is a straightforward consequence of Lemma liu^ For the detailed 
argument, see [313 


It remains to estimate ( I126II . With 0' — 0 = j:, we find 


{k,NAS'))iko) = 


*(-A) 


i-N 


27r 


dae 


dki ■ ■ ■ dkn-N 


/(T2). 


-—r(fci - ko)' 

eA(fco) — a — IKE 


(127) 

where we recall that 
(t)N,e{kn-N+l) = 


(128) 


EAikn-N) — a — IKE 

X 0w,e(fcn-w+i) , 


:- V{kn-N+1 - kn-N) 


z(-A) 


N ^60 


27r 


« !■ n+1 

/ / TT dkj 

Jew J(J2)N . _ 

1 


CA(^n—AT+i) rr 0 

• • * V(^kn-\-l kn) 


n+1 

(T^)^ j=n-N+l 
V{kn-N+2 — kn-N+l) ' 

1 


-<l>o{kn+l) ■ 


CA(^n+l) Cl 

The key observation here is that there are n — N + 1 propagators with imaginary 
parts ±z«;e in the denominator, where ke ^ e (and iV + 1 propagators whose 
denominators have an imaginary part — where ^ and e can have a comparable 
size). For those n — N +1 propagators, we have a bound 

(129) jy-i— —*\T{P‘fvl)\<C2-‘^^^- ^ 


I^A — a — ii^s\ 


\^a{p) — a\ -\- ks -\- 2-3 
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We now separate the dyadic scales of the random potential into 


(130) 
Using 

(131) 


0 < j < + 1 , 2“'' ~ -2-^ . 

K 


1 


|eA — OL — ine\ 
for j < J' ^ we have 




L“(T2) 




,7' 

El 

1=0 


1 


CA — a — ine] 


*\npvi)\ 


L“(T2) 


< 


(132) 


2(1-2,t)(J' + 1) _ I 
2(1-2'^) - 1 
1 2(i-2a)(j+i) _ I 

2(i-2<^) - 1 


Furthermore, 

.7+1 


CA — a — iKe\ 


*\p{py.)\ 


L“(T2) kE 


1 




E 

j=J’+i 

(133) 
for j = J' + 1. 

Therefore, the estimates for resolvents with iine in the denominators are by a 
factor smaller than those for resolvents with ±7£ derived above. 


.7' + l 

E 

7=0 


1 


*\P{Pfvl)\ 


(134) 


|eA(p) — Q! — 7«;£| ^ L“(T2) 


As before, we systematize the evaluation of 


(135) 


E 


\\>'V(j)4N,N,0j.As)\\'e2(I,2) 


by invoking a graph expansion with tt S n4Ar,4Ar. 

For every graph, we again introduce an admissible spanning tree T, as in the 
proof of Lemma Ea and use the estimate for tree propagators with ±7K£ 

in the denominators. By the pigeonhole principle, there are at least N of those 
for every tt, and any admissible spanning tree T for tt. This gains a factor of at 
loo-st ^(i- 2 o-)jv in comparison to the bound in Lemma EJ The Li(T^)-bounds on 
loop resolvents are estimated by Clogb, as before. Observing that the number of 
tree propagators is h, and that there are h + 2 propagators estimated in , one 
concludes that the expected value of Kinniip is bounded by the second term after 
the inequality sign in (' ITTtIi . a detailed exposition is given in and 1^. □ 
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7.2. The critical case a = ^. The time partitioning only provides a logarithmic 
improvement in k, 


(136) 


j' 

E 

J=0 


eA — a — IKS 




L”(T2) 


< J' + l 


logK 


-J 


which is too small to produce a significant effect. However, the trivial estimate 
f ITIM is sufficient for our analysis, because the large factor 2 *^ enters only 

logarithmically. 


i. Conclusion of the proof of Lemma 


To conclude the proof of Lemma rOl we make the following choices for e, J, N, k 
as functions of cr, A and ry (depending implicitly on r). 

8.1. The subcritical case 0 < cr < i. Recalling (EOJ, (EHi, and summarizing 
the estimates formulated in Lemmata O and o our analysis infers that 

2 ^ 1 

l.h.s.of{\^ < Ct^ n!(log 


.A2 


1, 


\N 


+N\ — (log-y{A^^r,J,\,e) 

e 

4Ar-l 

+ A^(3KiV)^(log-)^ ^ n\{Aa,T,J,\e) 

^ u^+1 

+ (4^) v2^(f-2a)N (^Qg 


(137) 

where we recall from (ES that 

(138) Ac,,r,J,\,e = Cr{K^{ J)\^ log - + £“V“^2“^‘^'^A^ log i) . 

e e 

We have 

(139) 


4Ar 


K,{J) = 


2(l-2a)(J+l) _ I 


21-2,7 _ X 

Let 77 > 0 be arbitrary but fixed. Setting 

(140) e = 2-'^ 

(141) JK^{J) = x-^+2v 
we find 

K^{J)X‘^ log- = JK„{J)\^ < 

S 

^_i^_i2-2.jA2iogi = a-i2(i-2-)-^A2logi 
s e 


(142) 
so that 

(143) Aa,T,J,X,e 
for A sufficiently small (depending on a). 


= a-^JK,{J) , 
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Choosing 

(144) 


N = 


10 log log j 


one gets (noting that e > A^) 

iv .. 

^n!(log-)2(A,,,,^, 


N 


n—1 


n—1 

N 




I 77 


n—1 


(145) 
and 

(146) m^{\og^y{A,,r,j.x,e)^ < C{logjy{NA,,,j,>^,y^ < X 

for T » A. Choosing 

(147) 
one gets 

4N-1 

A^(3KA7)^(l0g-)^ ^ n\{Aa^r,J,\,eT < CA^(log -)(i-“)^ {4:NAa^r,J,\,e) 


/ 1 X 30 

K = (log —) ^( 1 - 2 ,t) 


N 


n—N-\-l 


< A^'' . 

^(1-2.)^ > A-3 , 


(148) 

Furthermore, since 

(149) 
one finds 

(150) (4iV)!^^^^(^^(logi)"(Al.,.,j,A.s)''^ < (4fVAl.,.,j,A..)4^ < A^V 

Thus, for A sufficiently small (depending on a and 77 ), 

(151) Lh.s. 0 / (Eax Cr^ + A’'. 

Moreover, (Eoj), (innj) and (nni) combined imply that for every fixed 0 < ct < 
there exists a positive constant Ca such that 


C(A) > C,X-^ . 


(152) 

This proves the assertion of Lemma EHfor 0 < cr < i. 


8.2. The critical case a = ^. Using (1^. (EZIl, Lemma O and (cnni), 

2 ^ 1 

l.h.s.of{\^ < Ct^+ 2(^^ + n!(log -)^(A^,t,j,a,e)" 

n—1 

+7V!^(l0g -f{A„^r,J,\,e)^ 
e 

+Af!A^e“^(logi)^(A<^,^,yA,£)^ ■ 

£ 


( 153 ) 






We have 


(154) K._{J) = J + l. 

Let 77 > 0 be arbitrary (small) but fixed. Setting 

J = N = X-i+^ 

(155) e = 2"^"*'^’’ = 2"^ = 2--^ , 
we get, for sufficiently small A > 0, 


A, 


(T,T,J,X,e 


= a 


^JA^log- + 2e ^2 “^logi^ 


(156) 

< 2CrN^X- 

and 


(157) 

N'^Acr,T,J,X,e 

Then, 



N 


N 


(158) 

and 


^n!(log-)2(Al,,,,.yy,)" < + 

n=l ^ 

< A^'' 


n=2 


(159) 7V!^(logi)2(yl,,_^;,_^)^ < < X . 


e 


Furthermore, 


N 


me-^Xy\0g-nA^,r,J,X,er < X^NymA,,r,J,X,e) 

s 

(160) < A(4A^'')^~^'"'' < A. 
In conclusion, 

(161) l.h.s.of M <CTi +X'^ . 

From (EOli and (CSSl), we infer that 

(162) C(A) > . 


This concludes our proof of T;emma, l,‘L4l for cr = ^. 
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Figure 1. A contraction graph tt S with n = 5, n' = 7 and n = 6. The 

particle lines are solid, the contraction lines dashed. The L^-vertex is black, while 
the 1/-vertices are not filled. 
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